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From the spatial structure of vortex lattice state calculated by Eilenberger theory, we study the
resonance line shape of Knight shift of the paramagnetic moments in the s-wave and the d-wave
superconductors, comparing with the Redfield pattern of the internal field distribution. We discuss
the deviation from the temperature dependence of the Yosida function, and the magnetic field
dependence of the paramagnetic susceptibility. In addition to the calculation in the clean limit,
influences of the impurity scattering are estimated in the Born limit and in the unitary limit. These
results are helpful for the analysis of NMR experiments to know properties of the superconductors.
PACS numbers: 74.25.Uv, 74.20.Rp, 74.25nj, 74.25.Ha
I. INTRODUCTION
In the study of superconductivity, the observation
of Knight shift by NMR experiments is an important
method to identify the pairing symmetry. The Knight
shift is related to the paramagnetic susceptibility, and it
is suppressed below the superconducting transition tem-
perature, if the superconductivity is the spin-singlet pair-
ing.1,2 At a zero field, the temperature (T ) dependence
of the Knight shift is described by the Yosida function.1
It shows either an exponential T -dependence at low T
in the s-wave superconductors with the full gap, or a
power-law T -dependence in anisotropic superconductors
with nodes. On the other hand, the paramagnetic sus-
ceptibility χ is proportional to the electronic specific heat
at low T , since both quantities are proportional to zero-
energy density of states (DOS). In the s-wave pairing,
we expect the linear H-dependence of χ at low H and
low T region.3,4 In the d-wave pairing with line nodes,
we expect the relation χ ∝ √H due to the Volovik ef-
fect.3–7 Therefore, by the careful observations of the T -
and H-dependence of the Knight shift, we may obtain
valuable information to identify the pairing symmetry of
the superconductivity. However, the NMR experiment to
detect the Knight shift is usually performed in the vortex
states under static magnetic fields. Therefore, in order
to correctly analyze the Knight shift, we have to evalu-
ate properties of the resonance line shape of the NMR
spectrum considering the non-uniform spatial structure
of paramagnetic moments in the vortex states.
In the NMR experiment, the spectrum of the nu-
clear spin resonance is determined by the internal mag-
netic field and the hyperfine coupling to the spin of the
conduction electrons. Therefore, in a simple considera-
tion, the effective field for the nuclear spin is given by
Beff(r) = B(r) + AhfMpara(r),
4,8–10 where B(r) is the
internal field distribution, Mpara(r) is the paramagnetic
moment of conduction electrons, and Ahf is a hyperfine
coupling constant depending on species of the nuclear
spins. The resonance line shape of NMR is given by
P (ω) =
∫
δ(ω −Beff(r))dr, (1)
i.e., the intensity at each resonance frequency ω comes
from the volume satisfying ω = Beff(r) in a unit cell.
When the contribution of the hyperfine coupling is
dominant, the NMR signal selectively detects Mpara(r).
This is the experiment observing the Knight shift. As
the resonance line shape of the NMR spectrum for
the Knight shift, we calculate the distribution function
P (M) =
∫
δ(M − Mpara(r))dr from the spatial struc-
ture of Mpara(r). On the other hand, in the case of
negligible hyperfine coupling, the NMR signal is deter-
mined by B(r). This resonance line shape in the vortex
lattice state is called “Redfield pattern”.11–13 The res-
onance line shape is given by the distribution function
P (B) =
∫
δ(B − B(r))dr calculated from the internal
field B(r).
Since the hyperfine coupling constant has different val-
ues for different nuclei, whether we observe the Red-
field pattern of P (B) or the Knight shift spectrum of
P (M) depends on the target nuclei in the NMR experi-
ment, even in same superconductors. The distributions
of P (M) and P (B) were sometimes confused in analysis
of the NMR resonance line shape in the vortex states.
Thus, it is important to clarify differences of the behav-
iors between P (B) and P (M).
The purpose of this work is to calculate the Knight
shift spectrum P (M) and the Redfield pattern P (B) in
the vortex lattice state on the basis of Eilenberger the-
ory,3,13–15 and discuss differences between them. We
quantitatively estimate the T -dependence and the H-
dependence of the Knight shift spectrum. We discuss
their behaviors depending on the pairing symmetries, i.e.,
s-wave pairing and d-wave pairing. In addition to the
clean limit, we study the influence of the impurity scat-
terings in the Born limit and the unitary limit, where the
residual DOS appears in the superconducting state.16–24
We discuss how the impurity scattering changes the NMR
resonance line shape.
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2This paper is organized as follows. After the introduc-
tion, formulation of our calculation is explained in Sec.
II. In Sec. III, after calculating the spatial structure of
Mpara(r) and B(r), we discuss the T - and H-dependences
of the resonance line shape P (M) and P (B) in the clean
limit and in the presence of non-magnetic impurity scat-
terings for the s-wave pairing. The results for the dx2−y2-
wave pairing are reported in Sec. IV. The last section is
devoted to summary.
II. FORMULATION BY SELFCONSISTENT
QUASICLASSICAL THEORY
We calculate the spatial structure of vortices in the
vortex lattice state by quasiclassical Eilenberger the-
ory,3,4,13–15 including impurity scatterings.18–24 In order
to estimate paramagnetic susceptibility, we include weak
Zeeman term µBB(r), where µB is a renormalized Bohr
magneton.3,4,8,9,25,26 The quasiclassical theory assumes
that the atomic scale is enough small compared to the
superconducting coherence length ξ, and we focus the
spatial structure in the order of ξ-scale. The quasiclas-
sical condition is satisfied in many superconductors. We
also assume that the size of the impurity is in the atomic
scale, so that the impurity does not work as a pinning
center for vortices. Thus we consider the case of uniform
vortex lattice points in this work. The impurity scatter-
ings contribute to the self-energy of the electronic states.
To obtain quasi-classical Green’s functions g(iωn,k, r),
f(iωn,k, r) and f
†(iωn,k, r), we solve Ricatti equation
obtained from Eilenberger equations{
ωn + iµB +
1
τ
〈g〉k + v · (∇+ iA)
}
f
=
(
∆φ+
1
τ
〈f〉k
)
g,{
ωn + iµB +
1
τ
〈g〉k − v · (∇− iA)
}
f†
=
(
∆∗φ∗ +
1
τ
〈f†〉k
)
g, (2)
where g = (1 − ff†)1/2, µ = µBB0/pikBTc, and v =
vF/vF0 with Fermi velocity vF and vF0 = 〈v2F〉1/2k . 〈· · ·〉k
indicates the Fermi surface average. k is the relative mo-
mentum of the Cooper pair on the Fermi surface, and r is
the center-of-mass coordinate of the pair. In our calcula-
tions, length, temperature, Fermi velocity, magnetic field
and vector potential are, respectively, measured in unit
of ξ0, Tc, vF0, B0 and B0ξ0. Here, ξ0 = h¯vF0/2pikBTc,
B0 = φ0/2piξ
2
0 with the flux quantum φ0. Tc is super-
conducting transition temperature in the clean limit at a
zero magnetic field. The energy E, pair potential ∆ and
Matsubara frequency ωn are in unit of pikBTc.
For simplicity, we consider the spin-singlet pairing
on the two-dimensional cylindrical Fermi surface, k =
(kx, ky) = kF(cos θk, sin θk) and Fermi velocity vF =
vF0k/kF. The order parameter is ∆˜(r,k) = ∆(r)φ(k)
with the pairing function φ(k) =
√
2(k2x − k2y)/k2F for
the dx2−y2 -wave pairing, or φ(k) = 1 for the s-wave
pairing. As magnetic fields are applied to the z axis,
the vector potential is given by A(r) = 12H × r + a(r)
in the symmetric gauge, where H = (0, 0, H) is a uni-
form flux density, and a(r) is related to the internal
field B(r) = H + ∇ × a(r). As shown in the insets of
Fig. 1, the unit cell of the vortex lattice is given by
r = s1(u1 − u2) + s2u2 with −0.5 ≤ si ≤ 0.5 (i=1,
2), u1 = (ax, 0, 0), u2 = (ax/2, ay, 0) and axayH = φ0.
ay/ax =
√
3/2 for the triangular vortex lattice, and
ay/ax = 1/2 for the square vortex lattice.
We consider the case of non-magnetic s-wave impurity
scatterings with impurity strength u0, and treat the self-
energy by the t-matrix approximation.18–24 Thus, 1/τ in
Eq. (2) is given by
1
τ
=
1/τ0
cos2 δ0 + (〈g〉2k + 〈f〉k〈f†〉k) sin2 δ0
(3)
and δ0 = tan
−1(piN0u0). The scattering time τ0 in the
normal state is given by 1/τ0 = nsN0u
2
0/(1 + pi
2N20u
2
0),
where ns is the number density of impurities, and N0
is the DOS at the Fermi energy in the normal state.
In this paper, we write h¯/2pikBTcτ0 → 1/τ0, since the
scattering time τ0 is in unit of 2pikBTc/h¯. The rela-
tion to the mean free path l = vF0τ0 and the zero-
temperature coherence length ξ = ∆0/pikBTc is given by
l/ξ = (2pikBTcτ0/h¯)(∆0/2kBTc) → τ0∆0/2kBTc in our
unit. In the Born limit of weak impurity scattering po-
tential, δ0 → 0. In the unitary limit of strong scattering
potential, δ0 → pi/2.
As for selfconsistent conditions, the pair potential is
calculated by the gap equation
∆(r) = g0N0T
∑
0<ωn≤ωcut
〈
φ∗(k)
(
f + f†
∗)〉
k
(4)
with (g0N0)
−1 = lnT + 2T
∑
0<ωn≤ωcut ω
−1
n . We use
ωcut = 20kBTc. The vector potential for the internal
magnetic field is selfconsistently determined by
∇× (∇×A) = ∇×Mpara(r)− 2T
κ2
∑
0<ωn
〈vFImg〉k , (5)
where Mpara(r) = (0, 0,Mpara(r)) with
Mpara(r) = M0
(
B(r)
H
− 2T
µH
∑
0<ωn
〈Im {g}〉k
)
, (6)
the normal state paramagnetic moment M0 = (µ/κ)
2H,
and κ = B0/pikBTc
√
8piN0 . We set the Ginzburg-
Landau parameter κ = 30 as typical type-II supercon-
ductors.
The calculations of Eqs. (2)-(6) in the vortex lattice
state are alternatively iterated, and we obtain selfconsis-
tent solutions of the pair potential ∆(r), vector poten-
tial A(r), and quasi-classical Green’s functions g, f and
3FIG. 1: (Color online) (a) Profiles of the paramagnetic mo-
ment Mpara(r) at H = 0.02 as a function of radius r/ξ0 from
the vortex center along the nearest neighbor (NN) directions
at T/Tc = 0.1, 0.2, · · · , 0.9. The inset shows a density plot
of spatial structure of Mpara(r) at T/Tc = 0.1. Peak height
at the vortex core is truncated in the density plot. Dashed
lines indicate a unit cell of the vortex lattice in our calcula-
tions. (b) The same as (a), but at H = 0.1. (c) Profiles of
the internal field distribution B(r) at H = 0.02 as a function
of r/ξ0 at T/Tc = 0.1, 0.2, · · · , 0.9. The inset shows a density
plot of spatial structure of B(r). (d) The same as (c), but at
H = 0.1. These are for the s-wave pairing in the clean limit.
f†.3,4,13,15,22 We perform calculations for a scattering pa-
rameter 1/τ0 = 0.1 in the Born limit and in the unitary
limit, in addition to the clean limit 1/τ0 = 0, to examine
the T -dependence and H-dependences in each case. To
calculate the paramagnetic susceptibility, we set param-
agnetic parameter as µ = 0.01. The contributions of the
paramagnetic pair-breaking are negligible for this very
small µ. We report the cases of triangular vortex lattice,
and add some results on the square vortex lattice cases
at higher fields in the dx2−y2-wave pairing.
We note that the selfconsistent calculation of ∆(r) is
necessary to correctly estimate the H- and T - depen-
dences of the vortex core size and the pair-potential’s am-
plitude. For the quantitative estimate of physical quan-
tities in the vortex state, we have to exactly estimate the
vortex core structure, including the influences of the core
contributions toward the outside of vortices. In the non-
selfconsistent calculations, these H- and T -dependences
are given as assumptions. While the calculation method
of Doppler shift neglects the vortex core contribution,
the vortex core gives significant contribution to the zero-
energy DOS, as shown in Fig.1 of Ref. 29. Also in the
study of two-band superconductors, we see the difference
in the H-dependence of zero-energy DOS between the
calculation of the Doppler shift methods30 and the self-
consistent Eilenberger calculation31 in the clean limit.
Therefore, the selfconsistent calculation is valuable for
the quantitative study of properties of vortex state in
the whole range of H and T .
III. s-WAVE PAIRING
A. Clean limit
In this section, we study the spatial structure of the
Knight shift Mpara(r) and the internal field distribution
B(r) in the s-wave pairing, to estimate the resonance
line shapes P (M) and P (B). First, we discuss behaviors
in the clean limit. By the selfconsistent calculations, we
obtain Mpara(r) and B(r) shown in Fig. 1.
As for the T -dependence presented in Figs. 1(a) and
1(b), Mpara(r) is uniform near T = Tc. On lowering tem-
perature, Mpara(r) decreases outside of vortex core, and
increases inside the vortex core. We see rapid increases
at the vortex center at low T . Both at low H = 0.02
and higher H = 0.1, the main distribution is restricted
inside the vortex core, r ≤ ξ0. This indicates that the
characteristic length of Mpara(r)-distribution is the su-
perconducting coherence length ξ0. In the spatial struc-
ture of Mpara(r) at H = 0.02 in the insets of Fig. 1(a),
outside of the vortex core, Mpara(r) has flat distribution
and Mpara(r) ∼ 0 at low T and low H. At a higher
field H = 0.1 shown in the inset of Fig. 1(b), since foot
of Mpara(r)-distribution around the vortex cores overlap
each other with those of neighbor vortex cores, Mpara(r)
has the spatial variation even outside of the vortex core.
Also in the T -dependence of B(r) in Figs. 1(c) and
41(d), B(r) is uniform near T = Tc. On lowering T , B(r)
is enhanced around vortex core, and suppressed in the
outer region. The difference from Mpara(r) is that the
characteristic length of B(r) is the penetration depth λ.
Therefore B(r) decreases monotonically as a function of
radius r from the vortex center until outside of vortex
cores. In the T -dependence, increase of B(r) on lower-
ing T is not restricted in the vortex core region, which is
determined by the inter-vortex distance rather than the
coherence length, as shown in Figs. 1(c) and 1(d). Out-
side of the vortex, we see the structure of saddle points at
midpoints between nearest neighbor vortices, and mini-
mum at equidistant points from adjacent three vortices
in the insets of Figs. 1(c) and 1(d).
The above-mentioned properties of Mpara(r) and B(r)
induce differences of the resonance line shapes of the
Knight shift P (M) and the Redfield pattern P (B). In
P (M) in Figs. 2(a) and 2(b), the minimum edge Mmin
decreases on lowering T . The distribution P (M) has
sharp peak, and peak position Mpeak is located near
Mmin in the distribution. This is because the peak comes
from the uniform distribution outside of the vortex core.
Compared with Fig. 2(b) at a higher field H = 0.1, the
peak position Mpeak in P (M) is shifted to lower M , and
reduces to M = 0, in Fig. 2(a) at a lower field H = 0.02.
Also in the Redfield pattern of P (B), the minimum
edge Bmin decreases on lowering T . Difference between
P (M) and P (B) is that the peak position Bpeak is located
at a different position from the minimum field Bmin, as
presented in Figs. 2(c) and 2(d). This is because B(r)
has the spatial distribution even outside of vortex core.
That is, B(r) has different values for Bpeak at the saddle
point and for Bmin at equidistant points from adjacent
three vortices.
To discuss the T -dependence of P (M), we focus on be-
haviors of the peak position Mpeak, the minimum edge
Mmin, and the weighted center Mχ of P (M). Mχ is a
paramagnetic susceptibility obtained by the spatial aver-
age of Mpara(r). We present the T -dependence of Mpeak,
Mmin, and Mχ in Figs. 3(a) and 3(b). We also show
the T -dependence of the Yosida function,1 which is for
uniform states without vortices. At a low field H = 0.02
in Fig. 3(a), Mpeak(∼ Mmin) shows an exponential T -
dependence, and it coincides with that of the Yosida
function, even in the vortex state. This indicates that
Mpeak reflects the local electronic structure outside of
vortex cores, and that the exponential T -dependence of
the s-wave pairing can be observed by Mpeak even in the
vortex state at low H. The paramagnetic susceptibil-
ity Mχ is larger than Mpeak, and the T -dependence of
Mχ is a power-law, because it includes low energy ex-
citations in the vortex core. At a higher field H = 0.1
in Fig. 3(b), the T -dependence of Mpeak deviates from
that of the Yosida function, and shows a power-law T -
dependence. This is because the contributions of low en-
ergy excitations at the vortex core extends to the outside
region between vortices.
The T -dependence of the peak position Bpeak and the
FIG. 2: (Color online) Changes of the NMR resonance
line shape on lowering T in the s-wave pairing and in the
clean limit. We show the Knight shift spectrum P (M) as
a function of M/M0 for (a) H = 0.02 and (b) H = 0.1
at T/Tc = 0.1, 0.2, · · · , 0.9. For the comparison we also
show the Redfield pattern P (B) as a function of B/H for (c)
H = 0.02 and (d) H = 0.1. The horizontal base line for each
spectrum is shifted by T/Tc.
lower-edge Bmin of the Redfield pattern P (B) is pre-
sented in Figs. 3(c) and 3(d), where we show the shift
from the applied external field Hex. From the selfconsis-
tent solutions, we obtain Hex as
Hex = H +
〈
(B(r)−H)2
〉
r
/H
+
T
κ2H
∑
ωn>0
〈〈Re{ (f
†∆φ+ f∆∗φ∗)g
2(g + 1)
+ ωn(g − 1)}〉p〉r,
(7)
which is derived by Doria-Gubernatis-Rainer scaling.25,27
〈· · ·〉r indicates spatial average. The shift of the weighted
center H − Hex of P (B) indicates the T -dependence of
the magnetization. We see Bmin < Bpeak until higher
T in these figures. Compared with those of Fig. 3(d),
the T -dependence becomes weak at low T in the s-wave
pairing at a low field in Fig. 3(c). We also show a fitting
by an exponential function for the behavior in the figure.
5FIG. 3: (Color online) (a) T -dependence of the peak position
Mpeak, minimum edge Mmin, and the weighted center Mχ of
the distribution P (M) at H = 0.02. We also show the T -
dependence of the Yosida function. (b) The same as (a), but
at H = 0.1. (c) T -dependence of the peak position Bpeak and
the minimum field Bmin of the distribution P (B) at H = 0.02.
We plot the shift from the external field as (Bpeak −Hex)/H,
(Bmin −Hex)/H, respectively. We also show the shift of the
averaged internal field (H −Hex)/H, which indicates the T -
dependence of the magnetization. The dashed line indicates
a fitting by an exponential function. (d) The same as (c), but
at H = 0.1. These are for the s-wave pairing in the clean
limit.
B. Influence of impurity scattering
To discuss influences of the impurity scatterings in the
vortex state for the s-wave pairing, we show the profile
of Mpara(r) in Fig. 4(a). At the vortex core, Mpara(r) is
suppressed by the impurity scatterings. The suppression
of Mpara(r) is stronger in the Born limit, compared with
the case of the unitary limit. This comes from the fact
that low energy states at the vortex core is smaller in
the Born limit than in the unitary limit.20 On the other
hand, at the outside region of the vortex core Mpara(r) is
not changed by the impurity scattering. This indicates
that the non-magnetic impurity scattering does not break
the s-wave superconductivity in the uniform state, which
is similar situation as in Anderson’s theorem at a zero
FIG. 4: (Color online) (a) Profile of Mpara(r) as a func-
tion of radius r/ξ0 from the vortex center along the nearest
neighbor vortex direction at T/Tc = 0.1 and H = 0.1 for
the s-wave pairing. We show the cases of the Born limit
and the unitary limit of 1/τ = 0.1, with that of the clean
limit. (b) T -dependence of the peak position Mpeak and the
weighted center Mχ of the distribution P (M) at H = 0.02 for
the s-wave pairing in the Born limit and the unitary limit of
1/τ = 0.1 in addition to the clean limit case. We also show
the T -dependence of the Yosida function. (c) The same as
(b), but at H = 0.1.
field.32,33
In Figs. 4(b) and 4(c), we present the T -dependence
of Mpeak and Mχ in the presence of the impurity scat-
tering. The behavior of Mpeak whose contributions are
from outside of the vortex core is not changed by the
non-magnetic impurities. In the T -dependence of Mχ
which includes contributions of the vortex cores, there
are small changes by the impurity scattering at low T .
The changes are larger at higher H in Fig. 4(c).
C. Magnetic field dependence
Figure 5 presents the H-dependence of Mpeak, Mmin,
and Mχ in the s-wave pairing. At low T , the para-
magnetic susceptibility Mχ is proportional to the zero-
energy DOS. In Fig. 5, we see the linear H-dependence,
Mχ ∝ H, at low H both in the clean limit and in the
presence of the impurity scatterings. However, since
Mpeak < Mχ at low fields, Mpeak shows different H-
dependence from the linear relation. On the other hand,
Mpeak ∼Mχ at higher fields. These behaviors are related
to the line shape of P (M) and the spatial structure of
Mpara(r), as presented in Fig. 6. At a low field H = 0.1,
6FIG. 5: (Color online) (a) H-dependence of the peak position
Mpeak, the minimum edge Mmin, and the weighted center Mχ
of the distribution P (M) in the clean limit at T/Tc = 0.1
for the s-wave pairing. (b) The same as (a), but in the Born
limit (solid lines) and in the unitary limit (dashed lines) of
1/τ = 0.1.
Mpara(r) is localized within the vortex core, and P (M)
has a sharp peak at the minimum edge Mmin. Thus,
Mmin ∼ Mpeak < Mχ. At higher fields, the main distri-
butions of Mpara(r) are connected by the tails between
neighbor vortices. Thus, the structures of saddle points
and minimum points appear in the outside region of the
vortex core. Therefore, the peak position of P (M), com-
ing from the saddle points, moves to larger-M position
from the minimum-edge Mmin in the distribution P (M).
Therefore, Mmin < Mpeak ∼Mχ at higher fields.
In the clean limit in Fig. 6(a), since the inter-vortex
connection of Mpara(r) has fine structures, the resonance
line shape of P (M) has fine structure with many sub-
peaks. In the presence of the impurity scattering, as
presented in Fig. 6(b), the inter-vortex connection of
Mpara(r) are smeared. Thus, the fine structures of P (M)
is smeared to smooth spectrum shape.
IV. dx2−y2-WAVE PAIRING
A. Clean limit
In unconventional superconductors, the anisotropic
pairing function changes the sign on the Fermi surface.
And due to the node structure of the pairing function,
there appear low energy states within the superconduct-
ing gap. As an example of the anisotropic supercon-
FIG. 6: (Color online) (a) Resonance line shape of P (M)
[left panels] and density plots of Mpara(r) [right panels] at
H = 0.10, 0.30, and 0.48 in the clean limit for the s-wave
pairing. T/Tc = 0.1. The horizontal base line for each P (M)
is shifted. (b) The same as (a), but at H = 0.10, 0.38, and
0.58 in the Born limit with 1/τ = 0.1. We also show P (M)
for the unitary limit by thin lines in the left panel.
ductivity, we study the case of dx2−y2-wave pairing, and
discuss how behaviors of the NMR resonance line shape
change from the case of s-wave pairing in the previous
section.
In Fig. 7, we present the temperature evolution of
the NMR resonance line shape P (M) and P (B) in the
dx2−y2-wave pairing at H = 0.02 and 0.1. In the Knight
shift spectrum P (M) in Figs. 7(a) and 7(b), at higher
T > 0.4Tc, the peak position Mpeak is located at the
minimum edge Mmin, as in the s-wave pairing. However,
at lower T , position of Mpeak deviates from Mmin. The
T -dependences of Mpeak, Mmin, and the weighted center
Mχ are presented in Figs. 8(a) and 8(b). Due to the low
energy excitations by the node of the pairing function,
the T -dependence is different from that in the s-wave
pairing, including the T -dependence of the Yosida func-
tion for a uniform state in the dx2−y2-wave pairing. At a
low field H = 0.02, Mpeak follow the T -dependence of the
7FIG. 7: (Color online) Change of the NMR resonance line
shape on lowering T in the dx2−y2 -wave pairing and in the
clean limit. We show the Knight shift spectrum P (M) for (a)
H = 0.02 and (b) H = 0.1 at T/Tc = 0.1, 0.2, · · · , 0.9. For
the comparison we also show the Redfield pattern spectrum
P (B) for (c) H = 0.02 and (d) H = 0.1. The horizontal base
line for each spectrum is shifted by T/Tc.
Yosida function at higher T > 0.4Tc, but deviates from
it at lower T . Mmin follows the power-law T -dependence
of the Yosida function until low T . The T -dependence of
the weighted center Mχ also shows the power law behav-
ior as a function of T , and Mχ > Mpeak.
The Redfield pattern P (B) is presented in Figs. 7(c)
and 7(d). In the dx2−y2-wave pairing, we see the second
peak in P (B). It comes from the fourfold vortex core
shape in the dx2−y2-wave pairing.13,28 Compared to the
s-wave pairing case in Figs. 2(c) and Figs. 2(d), the peak
position Bpeak and the minimum edge Bmin are larger in
the dx2−y2-wave pairing case in Figs. 7(c) and 7(d). Even
at low T (T/Tc ≤ 0.2), Bpeak and Bmin continue to de-
crease on lowering T in the dx2−y2-wave pairing. These
behaviors are also seen in Figs. 8(a) and 8(b), where
the low T behaviors are fitted by T 2-function. They
are related to the difference of the T -dependence of the
superfluid density between the s-wave pairing and the
dx2−y2-wave pairing. This is because the internal field
B(r) determined by Eq. (5) and the magnetization cal-
culated by Eq. (7) have a term with a factor κ−2 ∝ λ−2,
which is proportional to the superfluid density.
FIG. 8: (Color online) (a) T -dependence of the peak po-
sition Mpeak, minimum edge Mmin, and the weighted center
Mχ of the distribution P (M) at H = 0.02. We also show the
T -dependence of the Yosida function of the dx2−y2 -wave pair-
ing. (b) The same as (a), but at H = 0.1. (c) T -dependence
of the peak position Bpeak and the minimum field Bmin of
the distribution P (B) at H = 0.02. We plot the shift from
the external field as (Bpeak − Hex)/H, (Bmin − Hex)/H, re-
spectively. We also show the shift of the averaged internal
field (H −Hex)/H, which indicates the T -dependence of the
magnetization. Dashed lines indicate fittings by a exponential
function and a power function. (d) The same as (c), but at
H = 0.1. These are for the dx2−y2 -wave pairing in the clean
limit.
B. Influence of impurity scattering
In Eilenberger Eq. (2), the Fermi surface average 〈f〉k
of the impurity scattering is canceled by the sign change
of the pairing function on the Fermi surface. Therefore,
in the dx2−y2 -wave pairing, the influence of the impurity
scattering is different from the s-wave pairing. For ex-
ample, non-magnetic impurity scattering suppresses the
superconducting transition temperature Tc in the dx2−y2 -
wave pairing.
In Fig. 9(a), we present profiles of Mpara(r) around
a vortex with and without non-magnetic impurity scat-
tering. At the vortex center, height of Mpara(r) is sup-
pressed by the impurity scattering. Outside of the vor-
8FIG. 9: (Color online) (a) Profile of Mpara(r) as a function of
radius r/ξ0 from the vortex center along the nearest neighbor
vortex direction at T/Tc = 0.1 and H = 0.1 for the dx2−y2 -
wave pairing. We show the cases of the Born limit and the
unitary limit of 1/τ = 0.1, with that of the clean limit. (b) T -
dependence of the peak position Mpeak (dashed lines) and the
weighted center Mχ (solid lines) of the distribution P (M) at
H = 0.02 in the Born limit and the unitary limit of 1/τ = 0.1.
We also show those of the clean limit, and the T -dependence
of the Yosida function for the dx2−y2 -wave pairing. (c) The
same as (b), but at H = 0.1.
tex core, Mpara(r) is enhanced toward the recovery to
the normal state value. These effect is stronger in the
unitary limit than in the Born limit.
In Figs. 9(b) and 9(c), we show the T -dependence of
Mpeak and Mχ in the presence of impurity scattering.
Compared with the case of the clean limit, both Mpeak
and Mχ shift to higher M by the impurity scattering,
because the superconducting transition temperature is
suppressed. Values of Mpeak and Mχ are larger in the
unitary limit than in the Born limit, because the low en-
ergy states by the impurity scattering are more enhanced
in the unitary limit. Both at H = 0.02 and H = 0.1, we
find Mχ > Mpeak also in the presence of the impurity
scattering. In the unitary limit, the T -dependences are
saturated, and Mpeak and Mχ are, respectively, reduces
to higher values at T → 0.
C. Magnetic field dependence
In Fig. 10, we show the H-dependence of Mpeak, Mmin,
and Mχ at T/Tc = 0.1. At the low T , since Mχ is propor-
tional to zero-energy DOS, we see the relation Mχ ∝
√
H
in the low H range due to the Volovik effect. By the im-
purity scattering, Hc2 is suppressed by the suppression
of Tc. Thus, both Mpeak and Mχ shift to higher M , com-
pared with the clean limit case. In the unitary limit,
Mχ, Mmin and Mpeak approach finite values in the limit
H → 0. In all cases with and without impurity scat-
tering, Mmin < Mpeak < Mχ at the low H range, and
Mmin < Mpeak ∼Mχ at the high H range near Hc2.
To discuss these behaviors, we present the resonance
line shape P (M) of the Knight shift and the spatial struc-
ture of Mpara(r) in Fig. 11 in the clean limit, in the Born
limit, and in the unitary limit. We present P (M) also
for the square vortex lattice case in addition to the tri-
angular vortex lattice case, because the square lattice
is stabilized at higher H in the dx2−y2-wave pairing.13
The following discussions do not seriously depend on the
shape of the vortex lattice. In the clean limit, due to
the spectrum with many sub-peaks in P (M), the main
peak position Mpeak is scattered in the H-dependence in
Fig. 10(a). These sub-peak structure in the clean limit
is smeared by the impurity scattering. P (M) in the uni-
tary limit is shifted to higher M , compared to the Born
limit case. The spectrum of P (M) has similar shape in
both limits. In these spectra of P (M), the main peak is
located near minimum edge Mmin at low fields, and it is
shifted to middle of the P (M)-distribution at higher H.
These are related to the spatial structure of Mpara(r). In
the dx2−y2 -wave pairing, zero-energy DOS at the vortex
center extends outside towards the node direction.13,28
These tails of zero-energy DOS make interference with
those of neighbor vortices, and form inter-vortex connec-
tions of Mpara(r). Therefore, we see saddle points and
minimum points at the boundary region of a unit cell of
the vortex lattice. This is a reason why the peak posi-
tion Mpeak by the contribution of the saddle points are
deviated from the minimum Mmin. The fine structure
of the inter-vortex connection of Mpara(r) is smeared by
the impurity scattering. By the smearing, P (M) becomes
smooth spectrum shape as seen in Figs. 11(b) and 11(c).
V. SUMMARY
We studied the resonance line shape of the NMR spec-
trum in the vortex states based on quantitative calcu-
lation by Eilenberger theory, to clarify the difference of
Knight shift spectrum P (M) and the Redfield pattern
spectrum P (B). The former is the case when the hy-
perfine coupling constant Ahf is large, and the latter is
the opposite case of negligible Ahf . Since the character-
istic length for the spacial structure of the paramagnetic
moment Mpara(r) is the coherence length, dominant dis-
tribution of Mpara(r) is restricted within the vortex core
region, and in the outside region Mpara(r) is uniform with
minimum value Mmin. Thus, the peak of P (M) comes
from the signal outside of vortex core, and the peak po-
sition Mpeak is located near the minimum edge Mmin of
P (M) at low fields. On the other hand, the characteristic
9FIG. 10: (Color online) (a) H-dependence of the peak position Mpeak, the minimum edge Mmin, and the weighted center Mχ
of the distribution P (M) in the clean limit at T/Tc = 0.1 for the dx2−y2 -wave pairing. The solid (dashed) lines are for the
triangular (square) vortex lattice. (b) The same as (a), but in the Born limit of 1/τ = 0.1. (c) The same as (b), but in the
unitary limit.
FIG. 11: (Color online) (a) Line shape of P (M) [left panels] and density plots of Mpara(r) [right panels] at H = 0.10, 0.30,
and 0.50 for triangular vortex lattice in the clean limit for the dx2−y2 -wave pairing. T/Tc = 0.1. We also show P (M) for the
square vortex lattice by thin lines in the left panels. The horizontal base line for each P (M) is shifted. (b) The same as (a),
but at H = 0.07, 0.18, and 0.28 in the Born limit with 1/τ = 0.1. (c) The same as (b), but in the unitary limit.
length for the spacial structure of the internal magnetic
field B(r) is the penetration length, spatial variation of
B(r) occurs even outside of the vortex core. As B(r)
has different values for Bpeak at the saddle points and
for Bmin at the minimum points, the peak position Bpeak
is apart from the minimum edge Bmin in the Redfield
pattern P (B).
We estimated the temperature dependence and the
magnetic field dependence of the Knight shift spectrum
P (M), and studied the differences between the full gap
s-wave pairing case and the anisotropic dx2−y2 -wave pair-
ing case. In addition to results in the clean limit, we also
discussed the influence of the impurity scattering both in
Born limit and in the unitary limit. To extract the char-
acteristic H-dependence of zero-energy DOS N(E = 0),
we have to evaluate the weighted center Mχ of P (M).
Since Mχ ∝ N(E = 0), we expect Mχ ∝ H for the
s-wave pairing, and Mχ ∝
√
H for the dx2−y2-wave pair-
ing with line nodes. It is noted that the peak position
Mpeak of P (M) deviates from Mχ. At low fields, signal
of the peak position Mpeak can be used to observe the
T -dependence of the Yosida function, which distinguish
the pairing symmetry, even in the vortex state, because
signal at Mpeak selectively comes from the outside of the
vortex core.
The NMR spectrum in the multi-gap superconductors,
such as Fe-based superconductors and MgB2, is one of
interesting topics, and belongs to future studies. There,
the wighted center Mχ of P (M) will follow the charac-
teristic H-dependence of zero-energy DOS reflecting low
energy excitations in the small-gap band.30,31 And it is
also interesting to study the H-dependence of the peak
position Mpeak, which will deviate from Mχ.
We hope that these theoretical estimates of P (M) and
10
P (B) will be confirmed by the NMR experiment, and
will be used for the analysis of the pairing symmetry and
contributions of non-magnetic impurity scattering in the
superconducting states by the T -dependence and the H-
dependence of the NMR spectrum.
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